The first part of the paper deals with the behavior of the Bose-Einstein distribution as the activity a → 0. In particular, the neighborhood of the point a = 0 is studied in great detail, and the expansion of both the Bose distribution and the Fermi distribution in powers of the parameter a is used.
1 Statistical transition of the Bose gas to the Fermi gas 1 . It is well known that a Bose particle consists of two bound Fermi particles. For a Bose particle to become a Fermi particle, it is necessary that one of the Fermi particles forming the Bose particle must be "pushed out" beyond the volume V under consideration (in the two-dimensional case, V is the area) under the action of some energy. In the case of the volume of a ball (the area of a disk), the radius r is the radius of the "shell," outside which the "entanglement" of two fermions into one boson terminates according to the EinsteinPodolsky-Rosen concept.
Let there be given a macroscopic volume V of radius at least 1 mm filled completely with a Bose gas (for example, helium-4) for the activity a = 1, i.e., on the caustic. We shall determine what amount of energy is required to "push out" one fermion from the specific volume under consideration. To obtain the total energy, i.e., the energy needed for the Bose gas (for example, helium-4) to go over completely into the Fermi gas (for example, helium-3), we must multiply the resulting quantity by the number of particles in the gas. It is the amount of energy required for the transition of the Bose gas to the Fermi gas that is the subject of the present study. In particular, we shall show that, for the number of degrees of freedom D > 2, we will have a jump of the energy E at the point E = 1/ log a for a = 0, where a is the activity, Remark 1. "The barrier" formed by the shell is described by a Bardeen-Cooper-Schrieffer type equation for Cooper pairs [1] - [2] . Since the volume under consideration is macroscopic (at least 1 mm 3 ), by statistical calculations, the shell far exceeds the volume of the nucleus.
In our conception, we use the polylogarithm. The polylogarithm is determined by the activity a and the number of degrees of freedom D, where D = 2γ + 2 and γ is an auxiliary parameter. In the two-dimensional case, γ = 0, while, in the general number theory, γ ≤ 0. The positive value γ > 0 corresponds to the gas state in classical thermodynamics and γ < 0, to the liquid state.
Both parameters a and D are dimensionless, while the volume V is a dimensional parameter. The dimensionless small parameter 2 mV T
for γ = 0 (in the two-dimensional case, V is the area) corresponds to the semiclassical approximation in the sense that the semiclassical asymptotics is expanded in terms of this parameter. Therefore, as a rule, a parameter λ is also added so that the multiplicative term before the polylogarithm becomes dimensionless. Statistical quantities divided by the number of particles i.e., belonging to one particle, are called specific quantities: V /N is the specific volume and E/N is the specific energy. We proceed as follows: first, we shall find the specific energy and, further, we shall multiply it by the number of particles on the caustic a = 1. The quantity P V /(NT ), where P is the pressure and T is the temperature, is dimensionless. It is called the compressibility factor. The temperature T in the two-dimensional case is determined from the relation M = T Li 2 (a), where a = 1, as
where ζ(·) is the Riemann zeta-function. For the number of degrees of freedom D > 2, the density of the Bose gas at the point a = 0 vanishes as 1/| log a| and behaves as 1/ log a for the Fermi gas (see below), just as the energy E of the Bose gas. The coefficient of 1/ log a for the energy of the Bose gas allows us to determine the energy needed for "all" the Bose particles to go over into Fermi particles.
The hidden parameter appearing in the Einstein-Podolsky-Rosen paradox could unite quantum and classical mechanics in the sense defined by the author; it can be obtained from the general arguments in the first chapter of the book [3] . After Sec. 4 "Role of Energy," the most important notion of time is introduced in Sec. 5 "Statistical Matrix." Since, in the present paper, we calculate the statistical energy ∆E required for the transition of the Bose gas into the Fermi gas, it follows that by using Sec. 5 of the book [3] we can also calculate the statistical time ∆t ∼ ∆E ,
given by the authors of [3] to explain the transition to macroscopic physics. From the point of view of the metamathematical hidden parameter, this time plays a role similar to that of the mean free time in classical mechanics. Let k denote the maximal admissible number of particles that can occupy one energy level, and let N i denote the number of particles located at the ith energy level 1 . The number k is the maximal number of particles located at one energy level of a quantum operator of the HamiltonianĤ. For a Bose systems, it is obvious that N i ≤ N. Therefore, for a Bose system, k ≤ N.
On the other hand, the number N i is arbitrarily large, more precisely, maximally large, in view of the inequality N i ≤ N. This implies that k = N, and we obtain an equation for N in which, on the left-hand and right-hand sides, we have N from the formula for the Gentile parastatistics (see Sec. 4 below).
2.
To find the energy that is of interest to us (the energy of transition of Bose particles to Fermi particles), it suffices to study the transition at the point a = 0. If we wish to widen the interval of the jump from the Bose distribution to the Fermi distribution, then we must use parastatistics, or Gentile statistics [6] in which the first term in parentheses gives the distribution for Bose particles and the other term, the parastatistical correction. The corresponding formula in the three-dimensional case is of the form (see [7] )
For the Bose-Einstein distribution in the case of D degrees of freedom the following formulas are valid:
Here and elsewhere, γ = D/2 − 1, T is the temperature, a = e µ/T is the activity, µ is the chemical potential,
where m is the mass of one particle, V is the volume of the system of particles, and is the Planck constant. For the Fermi-Dirac distribution, the following formulas hold:
As we see, formulas (5) and (6) differ by sign; therefore, the activity a passes through the point a = 0.
In the case of parastatistics, i.e., there are at most k particles at each level, the following relations hold:
According to the conventional definitions, for k = 1, we have the Fermi case and, for k = ∞, the Bose case.
Let us consider another important dimensionless quantity, which was mentioned above, namely, the compressibility factor defined by the formula Z = P V /NT .
The following thermodynamic relation is well known:
As is seen from relation (9), P V is expressed in terms of E; therefore, the compressibility factor can be expressed in terms of the polylogarithm. For the Bose case, the compressibility factor takes the form
and, for the Fermi case, we have
For the Gentile statistics with parameter k, we have the following expression for the compressibility factor:
3. The compressibility factor Z multiplied by the temperature T is the specific energy. To obtain the jump of the specific energy, it suffices to consider the jump of the compressibility factor from the Fermi system to the Bose system. The following representation for the polylogarithm is known:
substituting this expression into (10), (11) , (12), we obtain the following expansions of the compressibility factor:
The jump of the compressibility factor is expressed as (see Fig. 1 ):
while the jump of the specific energy E spec is of the form
Figure 1: Dependence of the compressibility factor Z on the activity a for the twodimensional case. Here Φ = 100, γ = 0. The upper (dashed) curve corresponds to the Fermi system. The middle (solid) curve corresponds to the Bose system up to O(a 2 ). The lower (dotted) curve corresponds to the exact Bose system. The points on the curves correspond integer N.
The dependence of the compressibility factor Z on the activity a for the case γ = 0 is shown in Fig. 1 .
4.
As indicated above, the author obtained a self-consistent equation in which N is an unknown quantity. We are interested in the point at which the number of Bose particles N is 0, i.e., the point at which Bose particles vanish. An example of this point is given in Fig. 2 . Let us note that the value of the activity a is not zero at this point; it depends essentially on the function Φ and the parameter γ. Let us consider successively the cases of small N, γ ≥ 0, and γ < 0.
4.1. As pointed out above, there can be at most N particles at each energy level. Therefore, for the Bose system, we put k = N. Equation (8) takes the form:
Expanding the right-hand side of Eq. (18) in the small parameter N ≪ a, we obtain
Remark 2. We deal with two double limits. The first case is In this case, N ≪ a, and we obtain some value of a 0 for which the number of Bose particles of the distribution N = 0.
In the second case, N is fixed and a ≪ N. As a result, the Gentile parastatistical term vanishes.
If, in the expansion (18), we take into account the terms up to the second order of smallness inclusive, then we can obtain the equation for N whose solution is as follows:
Equation ( 
For small a 0 , the following asymptotic formula holds:
We obtain ∆Z(a 0 ) = a 0
The maximal number of particles N c in the system is at the caustic point a = 1. The value of N c is given by
We shall use the integral representation of the polylogarithm Li, obtaining
4.2. Consider the case D = 2. Let N = N c be the solution of Eq. (26) . We shall evaluate the integral in (26) (with the same integra) taken from δ to ∞ and then pass to the limit as δ → 0. After making the change βx = ξ in the first term and β(N c + 1)x = ξ in the second term, where β = 1/T , we obtain
In the three-dimensional case, this formula is of the form (4). After passing to the limit as δ → 0, we obtain
Multiplying the difference of the specific energies ∆E spec (a 0 ) by the number of particles defined by formula (25) , we obtain the difference of the energies for the whole system of particles in the units of T in the case γ > 0:
and, in the case γ = 0, we have
where N c can be calculated from formula (25) (which contains Φ).
4.3.
Let us pass to the case γ < γ 0 < 0, i.e., D < D 0 < 2. For the case in which γ < γ 0 < 0, the following lemma holds.
Lemma 1. Consider the integral
where −1 < γ < γ 0 < 0, and B > 0 and k > 0 are constants.
where
By the Lemma, Eq. (19) takes the form
As N c → ∞, we can neglect the summand −1 in formula (35) as well as 1 compared to N c , whence we obtain
as a final result, we arrive at the expression
For the jump of the energy, we obtain the expression
2 Using infinitesimal quantities to describe the separation process of neutrons from atomic nuclei A Bose particle consists of two Fermi particles which are linked together by an interaction force or, as it is customary to say at the present time, by an entangling force. Sometimes the two fermions constituting the boson are absolutely identical. They cannot be distinguished or numbered. Sometimes the fermions differ in mass, then they can be distinguished. For example, a proton and an electron are fermions of different mass, and together they constitute a pair -a boson. Such fermions can be distinguished and numbered, using the mechanism of numeration theory. While if the masses of the particles approach each other and coincide in the limit, then we cannot distinguish them. The passage from the case of distinguishable particles to the case when the particles become undistinguishable leads to other quantum-mechanical formulas and therefore, to different commutation relations [8] .
The separation of a fermion from the nucleus and the capture of a fermion is a very rapid process. The question of the possibility of monitoring that transformation as if it occurred in slow motion arises. Mathematically, this means that we must use such tools which may be applied to both fermions and bosons.
In the present paper we use infinitely small quantities to modify the parastatistical distribution (the Gentile statistical method). This approach allows to apply the "antipod" of the P-Z chart corresponding to the Van-der-Waals equation of state in thermodynamics, also known as the Hougen-Watson chart. In this antipode, the isotherms under consideration, unlike those in the Van-der-Waals model, correspond to extremely high temperatures, which increase even more when the compressibility factor Z decreases.
The obtained antipode of the P-Z chart adequately corresponds to the behavior of nuclear matter. We will show in this paper that the passage of particles satisfying the Fermi-Dirac distribution to the Bose-Einstein distribution in the neighborhood of pressure P equal to zero occurs in a region known as the "halo". This region is different for various isotopes and depends on chemical potentials.
The method developed in this paper differs from those in other models based on the interaction of two or three particles, such as the Faddeev-Skyrme model or models involving the Lennard-Jones potential. This method is based on interpolation formulas yielding expansions in powers of the density. Just as in the Van-der-Waals interpolation formula, the zeroth approximation is given by ideal gas, whereas in models based on potentials the zeroth approximation is given by the zero potential. Niels Bohr in 1936 proposed one of the earliest models of the atomic nucleus in the framework of the theory of compound nucleus [9] . Later, by Carl Weizsäcker was obtained a semi-empirical formula for the binding energy of the atomic nucleus E c :
for even-even nuclei, 0 for nuclei with odd A,
for odd-odd nuclei,
A is the mass number (total number of nucleons) in the nucleus, Z is the charge number (number of protons) in the nucleus, and α, β, γ, ε, and χ are parameters obtained by statistical treatment of experimental data. This formula provides sufficiently exact values of the binding energies and masses for many nuclei, which permits using it to analyze different properties of the atomic nucleus.
In this paper we obtain new important relations between the temperature and the chemical potential in the process of nucleon separation from the atomic nucleus. For this, we use the parastatistic relations modified by the mathematical notion of infinitesimals.
New parastatistics
Let us assume that the energy of each of the particles takes one of the values of the given discrete spectrum. We shall denote by N i the number of particles located at the i-th level energy.
Besides the Bose-Einstein and Fermi-Dirac statistics, physicists use parastatistics (aka Gentile statistics [6] ) that generalizes the two previously mentioned statistics, which are thus particular cases of parastatistics. According to the latter, as it was said earlier, at each energy level, there may be no more than K particles. By the usual definitions, the Fermi case is realized for K = 1. In the case of Bose statistics
We will be dealing with infinitely small K and N equal to each other. General approach see in [10] .
In the case of parastatistics, we have the following relations, in which the first term in parentheses gives the distribution for Bose particles, and the second term, the parastatistical correction (compare (7)- (8)):
where Li (·) (·) is the polylogarithm function, a = e µ/T is the activity (µ being the chemical potential, T being the temperature), γ = D/2 − 1, D is the number of degrees of freedom (the dimension), λ is the de Broglie wavelength:
where is the Planck constant, m the mass of one particle. The de Broglie wavelength is related to the Bohr-Sommerfeld quantization condition, i.e., to the quantization of the angular momentum (see [11] and related works, in particular [12] - [18] ).
2.2
Passage from the Bose-type region to the Fermi-type region through a nuclear halo
Before completely separating from a nucleus, a nucleon stays within an area around a nucleus where it is bound to a nucleus with entanglement forces. In this area the probability to discover a neutron is higher than the probability to discover a proton. It is well-known that the area where the density distribution of neutrons much exceeds the density distribution of protons is called a nuclear halo. The neutron halo in atomic nuclei is defined as an extended distribution of neutron density and a narrow momentum distribution of fragmentation products [19] . Here the uncertainty principle manifests itself: when the distribution in space is wide, then the momentum distribution is narrow.
We will call the area similar to a nuclear halo a region of uncertainty. As shown in this paper, the width of the region of uncertainty is determined by the value of the chemical potential µ: the larger is the value of the chemical potential, the narrower is the region of uncertainty. For those elements whose chemical potential is close to zero, the width of the halo tends to infinity.
This can be explained as follows. The number of particles N is a conjugate value to the chemical potential. For these values the statistical analogue of the Heisenberg uncertainty principle is valid (see [20] ):
In the case when ∆µ 0 = −∞, the number of particles is known. However in the case when the value ∆µ 0 is finite, for number of particles N there exists a finite uncertainty value ∆N. When ∆µ 0 → 0, the value ∆N tends to infinity and corresponds to the infinitely wide region of uncertainty.
The region corresponding to the difference of pressure P = 0 and to an infinitely small sequence {P K } → 0 constitutes the nuclear halo, or the region of uncertainty. The passage from the Bose-type region to the Fermi-type region occurs through the nuclear halo, which contains the value of the pressure P = 0. We denote by a 0 the maximal value of the activity a for Bose particles as N → 0. The quantity a 0 indicates the maximal value of the activity at which the decomposition of bosons into fermion occurs.
Let us recall some definitions and relationships that we used in the paper [21] . It will be helpful to consider more general cases later in this work.
For an ideal gas of dimension D = 3, relations (42), (43) become
The expansion of the summand
Let B = V /λ 3 > 0. Then equation (46) for small K acquires the form:
In our considerations N is an infinitely small number, .. N = α i , where a sequence of infinitesimals α i → 0 as i → ∞. Similarly K = β i , where a sequence of infinitesimals β i → 0 as i → ∞. The sequences α i and β i are similar to each other, i.e. lim i→∞ α i β i = 1. Thus we are not dealing with the Fermi statistics or the Bose statistics, but with a parastatistics of a new type, which can be called a Bose-like statistics.
Dividing both sides of (49) by N and taking the limit as K → 0, yields an expression for a 0 , i.e., the value of a for which K = N = 0:
Equation (50) in the case of an arbitrary coefficient γ = D/2 − 1 instead of 1/2, after similar arguments, acquires the form:
Equation (51) has a unique solution a 0 > 0 that depends on B and γ.
In the case K = N, equation (46) acquires the form
This equation obviously has the solution N ≡ 0 for any a ≥ 0. However, for a > a 0 , it has one more nonnegative solution N(a). This can be verified by constructing the graphs of the right-hand and left-hand sides of (52) as a function of a for an arbitrary fixed N > 0. The right-hand side of the equation is zero for a = 0 and monotonically grows for a ∈ (0, ∞), while the left hand side is a constant that does not depend on a.
Substituting the obtained relation N(a) in formula (47), we can find the dependence E(a), and with it the pressure P (a), by using the relation
Let us substitute the obtained relation into the graph of the compressibility factor
as a function of P (this graph is known as the Hougen-Watson chart). Now we place a minus sign before dependencies P (a) and N(a) for the Bose branch, i.e. these values are considered as negative. It follows from this that in the Bose-like region Z(a) > 0. We will refer to a new chart as the a-Z chart.
The value a = a 0 is the minimum value of activity for the Bose branch, since for a < a 0 the region of uncertainty occurs where N ≡ 0 and P ≡ 0 for all a up to the value of a = 0. Here the passage of particles to the Fermi branch begins.
For Fermi statistics in the case D = 3, we have the relations
Let us call the curve on the a-Z chart, constructed according to formulas (55)-(56) of Fermi statistics, the Fermi branch. The pressure P , as well as the number of particles N, on the Fermi branch is positive. Table 1 in Appendix.
a-Z chart for nuclear matter
The value of the activity a for a known value of the temperature T determines the corresponding value of the chemical potential
In particular, for a = a 0 , the higher the temperature, the smaller is a 0 , and the larger is the value of |µ 0 |. Thus, as the temperature grows, the point of passage µ 0 approaches the point µ = −∞ at which the pressure P changes sign (see [22] ). Table 1 in Appendix presents values of a 0 and µ 0 = T log a 0 for isotopes of stable chemical elements.
The value of a 0 in the case of separation can be found by means of formula (50), taking into account the expression of the de Broglie wavelength λ in terms of the volume V of the nucleus, its temperature T and its mass m. The volume of the nucleus is taken to be that of a ball of radius r 0 = A 1/3 1.2 × 10 −15 m 3 . The temperature T of the nucleus expressed in energy units is taken equal to the binding energy of the nucleus E b , equal to the core temperature T (obtained from the database IsotopeData). Table 1 demonstrates a monotonic relation between the nucleus mass number A, the binding energy E b , the minimum value of activity a = a 0 , the chemical potential µ 0 = T log a 0 , and the compressibility factor Z = P V /NT for a 0 .
We have obtained an equation (50) from which we can find the value of a 0 , and can determine the temperature T at which this value is attained. Fig. 3 shows the dependence of the compressibility factor Z = P V /(NT ) on the pressure P , expressed in the units MeV/fm Table 1 in Appendix).
are the isotherms of the Bose branch constructed by means of formulas (46), (47), (54), and (53). The isotherms are parametric curves P (a), Z(a).
Let {P K } be an infinitely small sequence, coinciding with the infinitely small quantity K. It can be shown that the corresponding sequence {Z k } tends to a number greater than unity in the Bose-like region and to unity in the Fermi-like region (see Fig. 3 ).
The temperature is equal to the extremal value of the binding energy E b , indicated in Table 1 . To each value of a 0 there corresponds a definite value of the temperature T . In turn, to each value of T there corresponds an isotherm on the Hougen-Watson chart. These isotherms lie in the second quadrant. If the volume is constant, the temperature characterizing the isotherm becomes smaller as the point a = a 0 becomes nearer to a = 1.
Thus we can say that the Van-der-Waals isotherms are in a sense opposite to the isotherms of nuclear matter shown in Fig. 3 .
This shows that the chemical potential µ at P = 0 does not become equal to minus infinity and so the axis Z at P = 0 is not the boundary between two unrelated structures. Since the value of |µ 0 | is very large but not infinite between the values of the infinitely small quantities {P K } and the region obeying the Fermi-Dirac distribution, there is a "halo" dividing the Bose region from the Fermi region.
The value of the chemical potential µ 0 determines the halo width. The halo expands as µ 0 is close to zero. It can become infinitely large.
In the classical thermodynamics this situation corresponds to passing through the point where the pressure vanishes (i.e. passing from a negative compressibility factor Z to a positive Z). The halo is a region of indeterminacy: nobody knows what happens with the particles in the domain of a nuclear halo. We can refer to halo as the lacunary indeterminacy.
We do not consider the problem of proving that the isotherms on Fig. 3 exist. We give an approximate solution of the obtained equations (see similar approaches in papers [23] , [24] ), in which all the isotherms corresponding to different values of a 0 are approximately constructed. In the point a = 1 (i.e. on the spinodal) the compressibility factor has the form:
where N s is determined from the relation
In the Fig. 4 upper ends of isotherms correspond to a = a 0 . In the Fig. 3 corresponding points lie on the axis Z. This makes it possible to consider and compare behavior of isotherms of different chemical elements.
In Fig. 5 isotherms shown in Fig. 3 are drawn on a different scale.
One can see in Fig. 5 that the tangent to the lead curve in the bend point is parallel to the axis Z. This is a very important point where the activity a = 1. It connects the matter under consideration with the Van-der-Waals gas. This point is evidence of passing to the nuclear matter. Nuclear matter is a substance which in contrast to the nucleus has no boundaries. The bending down of the lead isotherm indicates that in the separation process of neutrons from an atomic nuclei we pass to another substance of nuclear matter.
Thus we have described a complete picture of passing from a substance which occurs when a neutron separates from an atomic nucleus to the nuclear matter substance.
Conclusion
We have shown that using infinitesimals N and K equally fast tending to zero leads to the determination of the value of a parameter a 0 that allows us to construct an antipode of sorts of the Hougen-Watson P-Z chart for nuclear matter. We call a new diagram the a-Z chart. We have shown that, knowing the values of a 0 , we can construct all the isotherms on the a-Z chart. The smaller the value of a 0 the higher temperature of nuclear matter is.
In the paper it was shown that during separation of neutrons from atomic nuclei, between Bose-like and Fermi-like regions there exists a nuclear halo, or a region of uncertainty related to the chemical potential µ. The properties of halo may be used to model a medium for filtering radioactive elements. Such a filter turned out to be more efficient that the Darcy filtering medium used in the paper [25] (also see [26] ).
The obtained in the paper rigorous mathematical approach unexpectedly yields a new picture, which adequately describes the passing to the nuclear matter during separation process of neutrons from atomic nuclei. This led to a new table for nuclear physics (see Appendix) which demonstrates a monotonic relation between the nucleus mass number A, the binding energy E b , the minimum value of activity a = a 0 , the chemical potential µ 0 = T log a 0 , and the compressibility factor Z = P V /NT for a 0 and also the minimum value of mean square fluctuation δµ min = T /δN ≤ δµ. The values δµ min and δN are involved in uncertainty relations of nuclear physics. Here Z is the charge number (number of protons) in the nucleus and E b is the binding energy of the nucleus, equal to the core temperature T . It is well known that the binding energy of a nucleus increases with increasing mass number A. At the same time, the mass of the nucleus m and its volume V also grow. The equation (50) 
The value a = a 0 is the minimum value of activity for the Bose branch, since for a < a 0 the region of uncertainty occurs where N ≡ 0 and P ≡ 0 for all a up to the value of a = 0. Here the passage to the Fermi branch begins. Hence a 0 is the point separating the Bose case from the case of uncertainty.
The left hand side of Eq. (60) which we denote by f (a 0 ) decreases when the value of a 0 decreases (see Fig. 6 ). The value in the right hand side of (60) also decreases with the growth of the nucleus mass number A.
Therefore, as one can see from the Table, the activity a 0 decreases and the absolute value of the chemical potential |µ 0 | = T | log a 0 | increases when the mass number A increases.
The variance of the particle number (∆N) 2 for given variables µ, V, T in a grand canonical ensemble is determined by the relation (see [29] ):
By differentiating with respect to µ the both sides of the relation
we obtain the relation for 
Let us denote for arbitrary value x its mean square fluctuation by δx = (∆x) 2 . Using a well-known for a grand canonical ensemble relation of uncertainty δNδµ ≥ T , one can find the minimum value of mean square fluctuation δµ min = T /δN ≤ δµ.
The values δµ min (in MeV) and δN are presented on the Table above. The value δµ determines the halo width and monotonically changes with all columns of the Table. Thus we have obtained a new table for nuclear physics which demonstrates a monotonic relation between the nucleus mass number A, the binding energy E b , the minimum value of activity a = a 0 , the chemical potential µ 0 = T log a 0 , the compressibility factor F = P V /NT for a 0 , and also the minimum value of mean square fluctuation δµ min = T /δN ≤ δµ. The values δµ min and δN are involved in uncertainty relations of nuclear physics.
